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We put on the table a solid-state realization of the octupole insulator with fractional corner
charges ±e/8: table salt.
Introduction.— Recent studies of topological phases re-
vealed that insulators can support robust gapless excita-
tions on their boundary due to nontrivial bulk topology.
While such gapless excitations reside on the surface in
conventional topological insulators.1,2, the recently intro-
duced class of higher-order topological insulators feature
gapless modes localized to the hinges or corners of the
sample. 3–10
Even when an insulator is completely gapped includ-
ing its boundary, however, it may still exhibit nontrivial
charge signature on its boundary. The classic example
is the surface charge described by the bulk electric po-
larization, and the modern theory of electric polarization
relates such surface signature with the Berry phase of
the bulk band structure.11–16 When the polarization van-
ishes, the surfaces will be charge neutral, but then hinges
and corners can still be charged.6,7 The hinge charge and
the corner charge are associated to the electric multipole
moment of the insulating bulk.7,17–19 In the presence of
n-fold rotation symmetry, the corner charge for two di-
mensional systems is quantized to an integer multiple of
e/n.18,20–22
To date, experimental realizations of concepts related
to the multipole insulators, like the notion of filling
anomaly,20 have been limited to metamaterials like pho-
tonic and phononic systems.23–30 Since such metamate-
rials platform correspond to weakly interacting bosonic
degrees of freedom, they do not realize the multipole insu-
lator as a ground state despite showcasing signatures as-
sociated with quantized multipole moments under finite-
energy probes. In contrast, if a multipole insulator is
realized in a solid-state platform using electronic degrees
of freedom, it will possess anomalous equilibrium surface
charge properties, like fractional hinge or corner charges,
which could lead to further technological applications in,
for instance, electrochemistry.
In this work, we establish the well-known ionic com-
pound sodium chloride as an octupole insulator with a
fractionally quantized corner charge ±e/8. We also pro-
pose a concrete experimental setting for the direct mea-
surement of the corner charge using an atomic force mi-
croscope (AFM). It should be emphasized that such well-
known ionic crystals exemplify the notion of topologically
trivial atomic insulators, and, befitting the asserted triv-
iality, the electronic excitation energy spectrum is com-
pletely featureless both in the bulk and at the bound-
aries. Our observations are motivated by a recent work,18
which systematically related the emergence of fraction-
ally quantized boundary charges to the incomplete can-
FIG. 1. (a): The conventional unit cell of NaCl. Na+ ions
and Cl− ions are, respectively, located at Wyckoff position
a and b of the space group Fm3¯m. Dimmed ions belong
to neighboring cells. (b,c): Illustration of an Oh-symmetric
cubic sample of NaCl with the side length L = 5a. All corners
are occupied by a Na+ ion in (b), and by an Cl+ ion in (c).
cellation of localized integer ones. Since localized inte-
ger charges can be simply interpreted as cations and an-
ions, one sees that multipole insulators can have atomic
ground states, and are in fact naturally realized in ionic
compounds.
Fractional corner charge of a cubic sample.— In this
work, we discuss NaCl as the prototypical example of
ionic compounds with the sodium chloride structure. The
space group of the crystal structure is Fm3¯m (225),
which belongs to the face-centered cubic system. How-
ever, as discussed in Ref. 18, in relating the bound-
ary charge signatures with bulk charge distribution one
should adopt unit cell conventions which are compati-
ble with the corner. Given the natural cleavage plane
of sodium chloride is normal to the [100] (and equiva-
lent) direction, we consider a conventional unit cell de-
fined by the lattice vectors a1 = (a, 0, 0), a2 = (0, a, 0),
and a3 = (0, 0, a) to describe a cubic-shaped sample.
Note that, in principle, one could consider terminations
which are adapted to (some of) the primitive lattice vec-
tors, with which one could also view sodium chloride as a
multipole insulator with fractional surface or hinge (i.e.,
linear) charges. Such terminations, however, are ener-
getically unfavorable and we would instead focus on the
natural cubic corner.
As illustrated in Fig. 1 (a), in each unit cell, four
Na+ ions are located at Wyckoff position a: r+1 =
(0, 0, 0), r+2 = a(0, 1, 1)/2, r+3 = a(1, 0, 1)/2, and
r+4 = a(1, 1, 0)/2 and four Cl
− ions are at the Wyck-
off position b: r−1 = a(1, 1, 1)/2, r−2 = a(1/2, 0, 0),
r−3 = a(0, 1/2, 0), and r−4 = a(0, 0, 1/2). The point
group symmetry of the crystal structure is Oh, which is
composed of (i) the four fold rotation symmetry about
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2each axis, (ii) the three fold rotation about the (1, 1, 1)
axis, and (iii) the inversion symmetry about the origin.
The site symmetry of the Wyckoff position a and b are
both Oh.
As shown recently,18 the corner charge Qc of a cubic
sample can be predicted from the bulk charge distribu-
tion as
Qc =
1
8
qa =
1
8
qb mod
1
4
e. (1)
Here, qw is the electric charge per site at the Wyckoff
position w = a, b. This formula assumes that the electric
charge density, the electric polarization, and the electric
quadrupole moment, defined with respect to the conven-
tional lattice vectors, all vanish in the bulk of the system.
This assumption is satisfied in the ionic crystals with the
sodium chloride structure as we discuss below. Further-
more, the surface termination of the cubic sample must
be chosen in such a way that the point group symmetry
Oh about the center of the cube is preserved, as illus-
trated in Fig. 1 (b) and (c). Since the Wyckoff position
a and b are, respectively, occupied by a Na+ ion and a
Cl− ion in the current example, we have qa = +e and
qb = −e. Therefore,
Qc =
1
8
e mod
1
4
e. (2)
The e/4-ambiguity in Eqs. (1) and (2) suggests that
there is no way to predict whether the corner charge is
+e/8 or −e/8 from the bulk perspective even in the pres-
ence of Oh symmetry. Indeed, the corner charge is +e/8
for the surface termination in Fig. 1 (b) in which all eight
corners are occupied by an Na+ ion. When the cutting
position is slightly shifted and all corners are occupied
by a Cl− ion instead, the corner charge becomes −e/8
without affecting the bulk of the system at all.
Filling anomaly.— The fractional corner charge ±e/8
can be most easily understood based on the idea of “fill-
ing anomaly”20, which concerns the total electric charge
Qtot in the system. When the bulk, surface, and hinges
are all charge neutral, Qtot must be distributed equally to
the eight corners of the cube as a consequence of the Oh
symmetry. Therefore, each corner must carry the charge
Qc =
1
8
Qtot. (3)
This formula does not contain any ambiguity because it
assumes the detailed information about the surface ter-
mination not only about the charge distribution in the
bulk.
In our current example, when the side length of the
cube is L = Na and the surface termination is as il-
lustrated in Fig. 1 (b), the total number of Na+ ions
in the system is N+ = (N + 1)
3 + 3(N + 1)N2 =
4N3 + 6N2 + 3N + 1 and that of Cl− ions is N− =
N3 + 3N(N + 1)2 = 4N3 + 6N2 + 3N . Hence the total
electric charge of the cube is Qtot = e(N+ −N−) = +e,
which implies Qc = +e/8. For the surface termination in
FIG. 2. Understanding of the fractional corner charges from
the coupled wire construction. (a)–(c): The wire of NaCl
exhibits ±e/2 charges at ends as a result of the polarization
+e/2. (d)–(f): The monolayer of NaCl may be regarded as
a periodic array of NaCl wires. The end charges ±e/2 in
the gray dashed box can be regarded as the 1D system illus-
trated in (a). They produce the ±e/4 corner charge of the
monolayer. (g)–(i): Similarly, the cubic crystal of NaCl may
be regarded as a periodic array of NaCl layers. The corner
charges ±e/4 in the gray dashed box can be regarded as the
1D system illustrated in (a). They produce the ±e/8 corner
charge of the cubic sample.
Fig. 1 (c), Na+ ions and Cl− ions are interchanged and
thus Qc = −e/8. More generally, the point group sym-
metry Oh relates the total electric charge in the system
Qtot to the local electric charge qw as
Qtot = qa = qb mod 2e. (4)
Plugging Eq. (4) into Eq. (3), one reproduces Eq. (1).
Coupled wire/ layer construction.— The filling
anomaly argument presented above relies on the perfect
Oh symmetry of the sample and is effective only when the
total electric charge Qtot is nonzero. In reality, however,
the Oh symmetry may be broken and the electric charge
might be neutralized. To understand the corner charge
of NaCl even in that case, let us present a coupled-wire
type argument. To this end, we theoretically imagine the
one-dimensional and two-dimensional version of NaCl, as
illustrated in Fig. 2 (a) and (d). In one dimension, a NaCl
3wire in (a) can be understood as an alternating arrange-
ment of point charges ±e as in (b). Reflecting the bulk
polarization +ea/2 of the 1D system, the two ends of the
wire exhibit the fractional charge ±e/2 as depicted in (c).
Next, in two dimensions, a NaCl monolayer in (d) can
be decomposed into a periodic array of NaCl wires with
alternating polarization as in (e). The bulk of the NaCl
layer does not have the net polarization since the polar-
ization of two neighboring wires cancel with each other.
The ±e/2 charges at the end of wires, shown in the gray
dashed box in (e), can be regarded as the 1D system in
(b), but the charge unit is effectively halved into e/2.
Hence, the charges appearing at the end of this 1D sys-
tem are ±e/4, which account for the corner charge ±e/4
of the NaCl monolayer in (f). In other words, the bulk of
the 2D system possesses the quadrupole moment +e/4.
Finally, in three dimensions, a NaCl cube in (g) may
be regarded as a periodic array of NaCl layers with alter-
nating quadrupole moment as in (h). This construction
proves the lack of the net polarization and the quadrupole
moment in the bulk of the 3D system. Moreover, the ef-
fective 1D wire made of the corner charge ±e/4 of each
layer [the gray dashed box in (h)] explains the corner
charge ±e/8 of the NaCl cube illustrated in (i). In this
surface termination of the cube, four of the eight corners
are occupied by a Na+ ion and the other four are occu-
pied by a Cl− ion, indicating that the Oh symmetry is
explicitly broken. The sign of the corner charge alter-
nates accordingly and the octupole moment of NaCl is
manifest. Even though the Oh symmetry is broken and
Eq. (3) is not applicable, the corner charge is still quan-
tized to ±e/8 in the coupled wire construction. This is
expected because the corner charge is a local property of
each corner and the charge distribution near the corner
has not been changed from the Oh-symmetric cases.
Numerical demonstration.— To further confirm the
fractional corner charge of NaCl, let us take a model of
NaCl and numerically compute the charge distribution.
We use the delta function as the simplest model of the
charge density produced by each ion:
ρ+(r) = +eδ
3(r), ρ−(r) = −eδ3(r). (5)
As far as the point group symmetry Oh is properly imple-
mented, the specific choice of ρ±(r) does not affect the
results below.18 The charge density of the cubic sample
is given by the superposition of ρ±(r):
ρtot(r) =
∑
r+∈Λ+
ρ+(r − r+) +
∑
r−∈Λ−
ρ−(r − r−). (6)
Here, Λ± is the set of lattice points r±σ +
∑3
i=1 niai
(ni ∈ Z) belonging to the cubic sample.
To extract the corner charge, we smoothen the highly
oscillating function ρtot(r) by a convolution integral with
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FIG. 3. (a) A cubic sample of NaCl with side length L ' 50a.
A tip with the charge Qtip = +e is placed at T , which is
at a distance d above the corner C on the top surface. (b)
The coarse-grained charge density ρ˜tot(r) [Eq. (7)] for the
cubic sample in (a). (c) The z component of the Coulomb
force Fz acting on the tip in (a). As the distance d increases,
Fz changes from the contribution of the single Na
+ ion (the
gray dotted curve) to the contribution of the corner charge
Qc = +e/8 (the red dashed curve). (d) The log-log plot of
(c).
the Gaussian function (see Sec. 6.6 of 31):
ρ˜tot(r) ≡
∫
R3
d3r′G(r − r′)ρtot(r′), (7)
G(r) ≡ (2piλ2)−3/2e− |r|
2
2λ2 . (8)
Physically, this step corresponds to coarse-graining, ne-
glecting the microscopic details at scales smaller than λ.
The parameter λ should be set sufficiently large so that
ρ˜tot(r) is negligibly small in the bulk, and we set λ = 2a
in this work (for which we find |ρ˜tot(r)/e| < 10−16 in the
bulk.) We plot ρ˜tot(r) for the cube with the side length
L = 50a in Fig. 3 (b). The coarse-grained charge den-
sity ρ˜tot(r) is nonzero only around corners of the cube,
and the bulk, surfaces, and hinges are all charge neu-
tral. When ρ˜tot(r) is integrated over a box that covers a
single corner, it gives the predicted corner charge ±e/8.
(Numerical error was less than 10−8.)
Experimental proposal and defect effects.— Here we
propose an experiment for directly observing the pre-
dicted corner charge of NaCl by measuring the Coulomb
force using an AFM. We consider a cubic sample with
the side length L and focus on the corner at C on the
top surface, which we assume is occupied by a Na+ ion
and supports the corner charge Qc = +e/8. We suppose
a cantilever tip with electric charge Qtip = +e is placed
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FIG. 4. (a) A step is introduced on the top surface of the
cubic sample in Fig. 3 (a). The corner C′ of the step edge is
at r = (20, 14.5, 50)a. We also consider placing the tip at a
distance d′ above C′. (b) The coarse-grained charge density
ρ˜tot(r) for the sample in (a). 50 dipolar defects are included in
the calculation. (c,d) The z component of the Coulomb force
Fz and F
′
z acting on the tip placed at T and T
′, respectively.
The error bars are obtained as standard deviation over 1000
disorder realizations. The small deviation of the data points
from the red line around d & 10a can be explained by the
corner charges from both the corners of the cube and those of
the step.
at T , which is at a distance d > 0 above the corner as
illustrated in Fig. 3 (a). The Coulomb force acting on
the charged tip should be measured as a function of d.
Since the lattice constant is a = 5.64 A˚, the typical scale
of the Coulomb force acting on the charged tip is
F0 ≡ e
2
4pi0a2
= 7.25× 10−10 kg m s−2 = 725 pN. (9)
At an intermediate length scale a < d  L, the
Coulomb force should behave as
Fz ∼ QtipQc
4pi0d2
=
1
4pi0
e2
8d2
. (10)
For example, when d = 2a = 11.3 A˚, we get Fz =
F0/32 = 22.3 pN, which is a feasible number. Note also
that a larger electrostatic force can be achieved simply
by increasing Qtip. However, when the tip gets closer to
the corner, i.e., d . a, the contribution to the Coulomb
force is dominated by the Na+ ion at the corner.
Fz ∼ Qtipe
4pi0d2
=
1
4pi0
e2
d2
. (11)
A crossover from the behavior in Eq. (10) to the one
in Eq. (11) should occur around d ∼ a. To verify this
behavior, we numerically compute the Coulomb force Fz
as a function d using the model of NaCl in Eq. (6),
Fz =
1
4pi0
∫
d3r
ρtot(r)(d+ L− z)
[x2 + y2 + (d+ L− z)2]3/2 . (12)
Our result plotted in Fig 3 (b) and (c) clearly shows the
expected crossover.
We further assess the feasibility of the proposal by con-
sidering the effects of point defects in the crystal. The
defects could come from the intrinsic thermal excitations
of the ions, leading to Schottky defects formed by a pair
of cation and anion vacancies, or from extrinsic aliovalent
impurities like the substitution Na+ → Ca2+ together
with the associated cation vacancy. Importantly, isolated
point defects in an ionic crystal are electrically charged,
and the strong Coulomb force binds them into small
dipoles with dipole moments on the order of p ∼ ea (a
process that is also called “defect association” in the lit-
erature32). The binding energy is typically at the 0.1− 1
eV scale, which implies the dipolar picture for defects
is accurate for samples at room temperature or below,
provided proper annealing procedures were used.32 As
the dipolar field falls off more rapidly as ∼ p/d3 com-
pared with the corner charge contribution of ∼ e/d2, the
presence of such defects has a negligible effect on the
electrostatic force experienced by the probe tip. This is
demonstrated in Figs. 4 (c,d), in which we include in the
calculation 50 dipolar defects (corresponding to a defect
concentration of 100 ppm) of dipole moment p = ea ran-
domly oriented along the primitive lattice vectors. The
signature of the e/8 corner charge clearly remains observ-
able.
A more interesting form of defects concerns step edges
on the surface of the crystal. In fact, one additional layer
of atoms on top of a three-dimensional bulk behaves ef-
fectively as a two-dimensional NaCl monolayer, which, as
we have discussed, realizes a quadrupole insulator with
±e/4 corner charges. When a corner of the step edges
is at a distance dCC′ away from the corner of the three-
dimensional bulk, it could lead to deviation of Fz from
the ideal value when the tip distance d ∼ dCC′ . This de-
viation can be seen in Fig. 4 (c). When the experiment
is repeated by placing the probe tip above the corner
of the step edges, electrostatic force corresponding to a
fractional corner charge of ±e/4 is expected (Fig. 4 (d)).
Conclusion.— We show that sodium chloride is an ex-
ample of a three-dimensional octupole insulator with a
fractional corner charge of ±e/8. We further argue that
the fractional charge could be directly observed using
atomic force microscopy, and that the presence of defects
in the crystal does not affect the asserted observability.
Our results suggest that many common ionic compounds
could be multipole insulators, and this opens up a new
avenue for the experimental investigation of the implica-
tions and applications of nontrivial multipole moments
in solids.
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